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Dedicated to the memory of Pavel Grozman
(18.01.1957–7.03.2022)

SuperLie is a Mathematica(c) package developed by Pavel
Grozman.

• Construction of different types pf Lie algebras:
• gl(V )
• Lie (super)algebras with a Cartan matrix
• Lie (super)algebra of vector fields

• Poisson, Hamiltonian, contact, etc
• subalgebra, ideals, quotiens
• prolongations (V, g)∗

• The highest weight modules and operations on them
• Lie (super)algebras cohomology
• Singular vectors in Verma modules
• Shapovalov form
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How to install it?
• The website is

https://github.com/andrey-krutov/SuperLie

• find the releases section

• download the latest available release and the documentation

3 / 29

https://github.com/andrey-krutov/SuperLie


How to install it?
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Load the package

Define a 2|1-dimensional (super)vector space V

Basis vectors and their parities

Dimension and superdimension
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The Lie (super)algebra gl(V )

The Lie algebra gl(V )

Basis vectors and the dimension

The bracket

The action of gl(V ) on V
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The Lie (super)algebras gl(n|m) and sl(n|m)

The Lie algebra gl(2)

The Lie superalgebra sl(2|1)

The standard Z-grading
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Subalgebras

Generators of a subalgebra

Constructing the subalgebra s in gl(2)

The image of basis elements of s inside gl(2)

8 / 29



Ideals and quotient algebras
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Lie (super)algebras with a Cartan matrix

sl(3) from the Cartan matrix: g = x⊕ h⊕ y

Relations in x

Basis in x in terms of Chevalley generators

Weights
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Lie (super)algebras with a Cartan matrix

Roots

The standard Z-grading

Non standard Z-gradings

Basis of gi
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Lie (super)algebras with a Cartan matrix

The exceptional Lie superalgebra ag(2) (aka g(3))

The relations in ag(2)

The basis in ag(2)
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Lie superalgebra osp(4|2;α)

The relations

The weights
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The highest weight modules

The sl(3)-module V with the highest weight π1

The dimension of V

The action

The weights
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Verma modules

with a parameter λ
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Tensor product of modules: g = sl(3), V = Vπ1

Preparations

Basis in V ⊗ V

“Ansatz”

Unknowns
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Tensor product of modules: g = sl3, V = Vπ1

The equations

The highest weight vectors

The weights of the highest weight vectors
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Vectorial Lie (super)algebras

Construct 2|1-dimensional vector space X with D = X∗ (left
even linear forms on V )

By default, the multiplication of vectors is free (no relations)

We define the multiplication to be (super)commutative

and tensor product to be C-linear
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Vectorial Lie (super)algebras
The Lie superalgebra vect(2|1) = DerC[x1, x2|x3]

The Lie bracket of vector fields

The divergence of a vector field

The standard Z-grading

Non standard Z-gradings
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Poisson Lie (super)algebras

Let P and Q be (super)vector spaces of the same dimension.
Let pi be a basis in P and qi be a basis in Q such that
p(pi) = p(qi). Then the Poisson bracket it defined by

{f, g}P.b. =
∑
i

(−1)p(f)p(g)
(∑ ∂f

∂pi

∂g

∂qi
− (−1)p(pi)

∂f

∂qi

∂g

∂pi

)

Construct vector spaces: P = Q = C1|1

Construct the Poisson algebra po(2|2)

Compute the Poisson bracket
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Contact Lie (super)algebras

Consider the polynomial algebra over pi, qi (as before), and t
(even). Then the contact bracket is defined by

{f, g}K.b. = (2− E)(f)
∂g

∂t
− ∂f

∂t
(2− E)(g) + {f, g}P.b.,

where E =
∑

i pi
∂
∂pi

+
∑

i qi
∂

∂qI
+ ∂

∂t .
Construct 1-dimensional space spanned by t

Construct the contact Lie supealgebra k(3|2)

Compute the contact bracket
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Buttin algebra b(n)

Consider the polynomial algebra over pi (even), xii (odd),
i = 1, . . . , n. Then the Schouten/anti/Buttin bracket is defined by

{f, g}B.b. =
∑
i

∂f

∂pi

∂g

∂ξi
+ (−1)p(f)

∂f

∂ξi

∂g

∂pi

Construct the vector spaces

Construct b(2)

Compute the bracket
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Cartan Prolongations

Recall that svect(n|m) = (V, sl(n|m))∗.
We start with 0|3-dimensional vector space X and g = sl(V ).

Construct Lie superalgebra vect(V )

We represent basis elements vi of V as ∂i and construct a Lie
superalgebras homomorphis f : gl(V ) → vect0(V ) which is
given by f(ei,j) = −xj∂i
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Cartan Prolongations

We construct g−1 = {∂1, ∂2, ∂3}:

The basis of sl(3)

Construct g0

The equation for the prolongation

gk = {X ∈ vectk(V ) | [X, g−1] ∈ gk−1}
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Cartan Prolongations

gk = {X ∈ vectk(V ) | [X, g−1] ∈ gk−1}

The function to construct gi

We compute
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Lie algebra cohomology: H2(g; g), g = osp(4|2; 1)

We construct osp(4|2; 1)

Preparations

Setup: H(u; u)• with the (trivial) action of u

(Note that here “du” is Πu∗.)
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Lie algebra cohomology: H2(u; u), g = osp(4|2; 1)

We can skip all cochaing with non-zero weight

The standard Z-grading on u induces a Z-grading on
H2(u; u) = ⊕iH

2
i (u; u).

We compute H2
0 (u; u)

More details
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The explicit cocycle

In terms of Chevalley basis
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Thank you
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